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ABSTRACT 
 
This paper explores the properties of a European spread option valuation method for correlated assets 
when the marginal distribution each asset return is assumed to be a mixture of normal distributions. In 
this ‘bivariate normal mixture’ (BNM) approach no-arbitrage option values are just weighted sums of 
different 2GBM values based on two correlated lognormal diffusions, and likewise for their 
sensitivities. The main advantage of this approach is that BNM option values are consistent with the 
volatility smiles for each asset and an implied correlation ‘frown’, both of which are often observed 
when spread options are priced under the 2GBM assumptions. It is simple to perform an extensive 
consideration of model values for varying strike, and for different asset volatility and correlation 
structures. We compare BNM valuations with those based on the ‘2GBM’ assumption of two 
correlated lognormal diffusions and explain the differences between the BNM values and the 2GBM 
values of spread options as a weighted sum of six second order 2GBM value sensitivities. We also 
investigate the BNM sensitivities and these, like the option values, can sometimes be significantly 
different from those obtained under the 2GBM model. Finally, we show how the correlation frown 
that is implied by this model is affected as we change the parameters in the bivariate normal mixture 
density of the asset returns.  
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I Introduction 
Spread options are a simple multi-asset derivative. They occur in a wide range of markets, for example 
credit spread options in fixed income markets, crack spread options in the energy market and index 
spread options in the equity markets. As spread risk inherently involves correlation risk, spread 
options are an important tool in hedging and trading correlation. Hedging with spread options can 
involve buying and selling calls and puts with European, Bermudan or American exercise conditions. 
Pricing American style spreads is a difficult problem and is not considered here. The interested reader 
may wish to consider the tree method of Boyle (1988) as a first approximation.  
 
In this paper we consider only European call spread options with pay-off function [S2 – S1 – K]+ where 
S1 and S2 are the prices of the two underlying assets and K is the strike of the option. Extension of the 
methods developed in this paper to the put option case is straightforward. Valuation of spread options 
with negative strikes is based on the fact that a call on a negative strike is the same as a put on the 
reverse spread with a positive strike of the same absolute value. That is, for K < 0 and a risk neutral 
measure Q: 
EQ [ e
-rT (S2 – S1 – K) ] = EQ [ e
-rT ( ŒK Œ- (S1 – S2)) ]        (1) 
 
In general no analytic formulae exist for the pricing of multivariate contingent claims such as spreads 
and, despite considerable research in this area, there is no universally prevalent pricing framework. A 
very detailed and informed survey of recent research on the valuation of European spread options is 
given in Carmona and Durrleman (2003a). As well as highlighting the theoretical and computational 
problems associated with pricing equity and interest rate spread options, Carmona and Durrleman 
place particular emphasis on commodity spread options and include several example applications to 
energy markets.  
 
Some of the earliest work on spread options comes from the analysis of ‘out-performance’  or 
‘exchange’ options. These are just spread options with a strike of zero and, under the assumption of 
correlated lognormal diffusions for the underlying assets, there is a Black and Scholes (1993) type 
solution for the option price (Margrabe 1978). Unfortunately, there is no corresponding general closed 
form for spreads with non-zero strikes, the core issue preventing analytic pricing being the fact that a 
linear combination of correlated lognormals is not  lognormal. Hence several different modelling 
approaches for pricing spread options have been developed. 
 
One of the earliest publications on spread option valuation is Boyle (1988) who proposes a three 
dimensional binomial tree approach. Although computationally burdensome, this approach is flexible 
enough to be extended to American spread options. For the case of European options more exact and ISMA Centre Discussion Papers in Finance 2003-15 
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less challenging methods to program have been developed.  It is unrealistic to base spread option 
values on the assumption that the spread itself has dynamics governed by a univariate diffusion 
process, because in that case the distribution of the spread would be independent of the correlation 
between the underlying assets.
1 Hence most of the European spread option valuation models that have 
been considered in detail in the academic literature have adopted the assumption of two correlated 
lognormal diffusions (Ravindran 1993, Shimko 1994, Kirk 1995, James, 2002 and others).
2 To 
distinguish this approach from modelling the spread itself as a lognormal diffusion, we shall refer to 
the two correlated lognormal diffusion model as the ‘2GBM’ model. An important extension of the 
2GBM model is to include stochastic volatility, so that the individual asset price dynamics are 
consistent with their implied volatility smiles. Some research provides fast implementation of accurate 
numerical methods (e.g. Dempster and Hong 2000) while other research focuses on an approximate 
closed form (e.g. Durrleman 2001, Carmona and Durrleman 2003b).   
 
Dempster and Hong (2000) develop an efficient method to price spread options using the Fast Fourier 
Transform (FFT). The key is to ensure that the characteristic function of the joint density of asset price 
movements can be found analytically. Especially in multi-factor models, for example in stochastic 
volatility and stochastic interest rate environments, this approach can yield great computation time-
savings over the Monte Carlo approach. They illustrate this by implementing their model in a 
stochastic volatility environment.  
 
Durrleman (2001) provides upper and lower bounds for spread option prices which may be only a few 
percent apart for some parameter values, and offers an arbitrarily precise approximation method for 
spread pricing, based on the value of certain high order derivatives. Carmona and Durrleman (2003b) 
developed even more sophisticated price bounds and the numerical results they provide are 
consistently and impressively accurate.  
 
Few other models have gone beyond the two-factor correlated GBM assumption. A notable exception 
being Pliska and Duan (2003) who generalised the discrete time version of the 2GBM model to 
include the possibility of cointegration between the assets. This is important for pricing longer term 
spread options, where asset price cointegration can lead to substantial differences in option value, 
compared to those based only on correlation. Their results showed that prices with and without 
cointegration were only significantly different in the presence of stochastic volatility.  
 
                                                                 
1 But see Carmona and Durrleman (2003a) for a survey of such methods. 
2 For example, Kirk (1995) derives an accurate approximation for the spread price in the special case that spreads are valued 
on futures or forward contracts within the Black (1976) model, and Ravindran (1993) reduces the pricing problem to taking 
the expectation of a function of one random variable. This approach yields efficient spread prices under the GBM 
assumption, but it is difficult to extend this to other distributional assumptions. ISMA Centre Discussion Papers in Finance 2003-15 
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Finally, Rosenberg (2001) uses a nonparametric arbitrage-free pricing approach coupled with copulas 
to price spreads based wholly on observed market data. The results show that lognormal specifications 
for marginal densities provide very poor descriptions of the higher moments of observed market data, 
and that the Gaussian copula is an inadequate description of the asymmetric dependence in the data. 
This non-parametric approach to valuation underlines the importance of accurately modelling the joint 
distribution to correctly price the spread, and was a motivating factor in the development of the model 
considered in this paper. 
 
The aim of this paper is to develop a simple ‘frown consistent’ valuation model for European spread 
options and to examine the difference between valuations based on this approach and valuations based 
on the 2GBM model. First let us explain the term ‘frown consistent’. Implied correlation is the 
correlation that is implicit in the 2GBM model to be consistent with an observed market price of a 
spread option. It varies with the moneyness of a spread option, just as the Black-Scholes (BS) implied 
volatility varies with the moneyness of a single asset option. In a symmetric volatility smile, such as 
those commonly observed in currency option markets, implied volatility of in-the-money (ITM) and 
out-of-the-money (OTM) options is greater than the at-the-money (ATM) implied volatility. Hence the 
term ‘volatility smile’. It arises because traders perceive a greater probability of large price changes 
than is assumed in the BS model. The perceived leptokurtic asset return density leads to market prices 
of ITM and OTM options that are greater than BS prices and, all other variables being fixed in the BS 
model, the only way that the BS model can explain these market prices is to increase the volatility. 
Because of the positive relationship between volatility and option price, increasing the volatility will 
increase the BS price. Similarly, if traders perceive a joint density for asset returns that has heavier 
tails than the bivariate normal, then market prices of ITM and OTM spread options will be greater than 
those based on the 2GBM assumption. The correlation between asset returns has a negative 
relationship with the price of a spread option. That is, the lower (or more negative) the correlation, the 
more valuable is the spread option. Therefore, to match these higher market prices within the 2GBM 
framework, the implied correlation for OTM and ITM spread options must be lower than the implied 
correlation used for ATM spread options. Hence it is more appropriate to call the variation of implied 
correlation with moneyness a correlation ‘frown’ rather than a correlation ‘smile’. The existence of a 
correlation ‘frown’ implies that tail probabilities are underestimated in the 2GBM framework. That is, 
the 2GBM assumption is not consistent with the observed market prices of OTM call and put spread 
options because asset returns have leptokurtic densities. So, when we speak of a ‘frown consistent’ 
valuation model, we mean a model with leptokurtic asset price densities, with a single process 
correlation, and for which a correlation frown that is similar to the market frown appears in the 2GBM 
implied correlations that are ‘backed-out’ from model prices.  
 ISMA Centre Discussion Papers in Finance 2003-15 
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Few ‘frown consistent’ spread option pricing models have been developed, a prominant exception 
being the jump diffusion model of  Carmona and Durrleman (2003b). A deficiency of the 2GBM 
spread option valuation model is the simplicity of the volatility and correlation assumptions. Without 
adjustment, these models even fail to capture the non-normality of the marginal returns distributions of 
the underlying assets. Ignoring the volatility smiles of both underlying assets as well as the correlation 
frown can lead to substantial mispricing, because it is likely that the probability of a large spread 
movement will be under-estimated when using a bivariate normal distribution for the log asset prices.  
 
This paper will extend the  ‘2GBM’ assumption that the two assets follow correlated lognormal 
processes to the assumption that the  spread is modelled as a difference between two  correlated 
lognormal mixture diffusion processes. This bivariate lognormal mixture (or ‘BNM’) model gives 
European spread option values that are consistent with both volatility smiles and with the correlation 
frown. The outline of the paper is as follows: section II describes the theoretical framework of the 
model and illustrates the BNM – 2GBM value differences with a simple example; section III interprets 
the value difference as a weighted sum of six second order spread option sensitivities for the 2GBM 
model; section IV examines the properties of the BNM option sensitivities; section V investigates the 




II The Bivariate Normal Mixture (BNM) Framework  
The aim of this section is to define a framework for valuing spread options under the assumption that 
each t-period price density is a lognormal mixture – or equivalently, that the density of each asset 
return is a mixture of normal densities. There is a large research literature on the applications of 
lognormal mixture diffusions to single asset option pricing (Ritchey, 1990; Melick and Thomas, 1997; 
Bingham and Kiesal, 2002; Alexander, 2003). The important work of Brigo and Mercurio (2000, 
2001, 2002) develops a no-arbitrage lognormal mixture option pricing model by specifying the local 
volatility functions that are consistent with lognormal mixture asset price dynamics. In a recent 
extension of this work Brigo, Mercurio and Rapisarda (2003) have derived local volatility functions 
for the general multivariate extension where asset prices are correlated and each price follows a 
lognormal mixture diffusion. So, as the two-dimensional case, BNM model prices can be justified by a 
no-arbitrage argument. 
 
Let s1(t) and s2(t) denote the log prices of the two assets at time t and assume that their densities at 
time t are given by 
 ISMA Centre Discussion Papers in Finance 2003-15 
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f1,t (s1) = l1 f(s1; m11(t), v11(t)) + (1 - l1) f(s1; m12(t), v12(t)) 
(1) 
f2,t (s2) = l2 f(s2;  m21(t), v21(t)) + (1 - l2) f(s2; m22(t), v22(t)) 
 
where vij(t) is the t-period variance of the j
th normal component for asset i, and the notation f(·; mij(t), 
vij(t)) denotes a normal density function with mean mij(t) and variance vij(t).
3 Since each marginal log 
price density has only two normal components, and there are only four bivariate normal components in 
their bivariate normal mixture (BNM) joint density: 
 
ft (s1, s2) = l1 l2 F(  s1, s2; m1( t), V1(t))  + (1 - l1) l2 F( s1, s2; m2 ( t), V2(t))  
  + l1 (1 - l2) F(  s1, s2; m3 ( t), V3(t)) + (1 - l1)(1 - l2) F( s1, s2; m4 ( t), V4(t))     (2) 
 
where F is the bivariate normal density, 
 
m1(t) = (m11 ( t), m21( t))' ; m2(t) = (m12( t), m21( t))' ; m3(t) = (m11( t), m22( t))' ; m4(t) = (m12( t), m22( t))' 
and 
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Each term in (2) represents an interaction between two modes: We assume without loss of generality 
that each  li > 0.5 so that each marginal density has a ‘core’ normal density with weight li in the 
mixture and the lower volatility, and a ‘tail’ normal density with weight 1 - li in the mixture and a 
higher volatility. Then the bivariate normal mixture has four component bivariate normal densities that 
we can label the ‘core’, ‘tail-core’, ‘core-tail’ and ‘tail’ components respectively.  
 
Remark on Notation 
In subsequent equations, to ease interpretation, we label t-period volatilities and correlations with a 
mixture number and C or T to denote ‘core’ or ‘tail’. Thus the core (i.e. the smaller) volatilities are 
siC(t) = ￿ vi1(t) and the tail (i.e. the larger) volatilities are siT(t) = ￿ vi2(t); the core correlation is rCC(t) 
= cov1(t)/s1C(t)s2C(t), the correlation between the tail component of asset 1 and the core component of 
                                                                 
3 When mij(t) = ri – vij(t)/2  where ri denotes the risk free rate for asset i  these can be taken as the risk-neutral densities 
(see Brigo and Mercurio, 2001). ISMA Centre Discussion Papers in Finance 2003-15 
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asset 2 is rTC(t) = cov2(t)/s1T(t)s2C(t),  and so forth. The overall t-period volatility of asset i will be 
denoted si(t) and their ‘overall’ correlation in the bivariate density at time t is denoted r(t). From 
henceforth, for brevity, we shall drop the time dependence notation. We shall also write a spread 
option price as P(s1, s2, r), dropping the explicit dependence on asset prices, strike, maturity, interest 
rates and so forth to ease notation. With this notation PBNM(s1, s2, r), that is, the price of the spread 
option under the BNM assumption,  is a probability weighted sum of four different 2GBM prices: 
 
PBNM(s1, s2, r) = l1 l2  P2GBM(sC1, s C2, r CC)  + (1 - l1) l2  P2GBM(sT1, s C2, r TC) 
+ l1 (1 - l2)  P2GBM(sC1, s T2, r CT)   + (1 - l1)(1 - l2)  P2GBM(sT1, s T2, r TT)  (3)   
 
Uncertainty in Volatility and Correlation  
In a complete market setting the results of Brigo, Mercurio and Rapisarda (2003) show that the BNM 
joint density assumption for the log prices of the two assets can provide no-arbitrage spread option 
values. However, the BNM model also provides a natural framework for uncertainty in both volatility 
and correlation. It is well known that uncertainty in volatility is consistent with, and therefore can 
explain at least part of, an implied volatility smile (see Hull and White, 1987; Heston, 1993; and many 
others). In this paper we explain how uncertainty in correlation can explain at least part of the implied 
correlation ‘frown’. We do not frame this uncertainty in terms of variance or covariance – although 
these are the basic parameters for the density – because the basic parameters for the option price are 
the volatility and correlation. We therefore define 
E(si) = li siC + (1 - li) siT          (4) 
 
for i = 1, 2. Thus E(si) is the expected value of the volatility of asset i assuming that the uncertainty 
over volatility is defined by the mixing law of its normal mixture marginal density. In the univariate 
case this is a common construction. It is intuitive to hold uncertainty over volatility, not variance, 
because BS prices of simple European ATM options are approximately linear in volatility. This 
linearity implies that the expected price of an ATM option, under volatility uncertainty, will equal the 
BS price. On the other hand, ATM options are a concave increasing function of variance so if the 
uncertainty were over variance, not volatility, we would conclude that the BS model always over 
prices simple European ATM options when volatility is uncertain, and we would hope that this is not 
the case.   However, 2GBM prices of ATM European spread option are not necessarily linear in 
volatility so this nice property does not generalize to the bivariate case. In general, 2GBM prices of 
ATM European spread options are convex functions of volatility, as shown in figure 1. In fact, the 
expected price of an ATM spread option under volatility uncertainty may be greater than the 2GBM 
price. 
  ISMA Centre Discussion Papers in Finance 2003-15 
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Similarly we assume that uncertainty over correlation is defined by the mixing law of the bivariate 
normal mixture density. That is, 
 
E(r) = l1l2rCC + (1 - l1) l2rTC + l1 (1 - l2) r CT + (1 - l1)(1 - l2)rTT    (5) 
 
Note that it does not make sense to equate E(r) to the ‘ATM correlation’ because it is not unique in 
the BNM framework. There are an infinity of price pairs (S1, S2) for which a spread option of strike K 
will be ATM and these pairs cover a whole ‘corridor’ in the (S1, S2) domain. Some pairs will lie in the 
extremes of the joint density governed by the ‘tail’ correlation, others will lie in the ‘core’ and still 
others, perhaps, the ‘core-tail’ regions. Thus, in the BNM framework, or indeed for any joint density 
that is governed by more than one correlation, a different correlation will apply to different price pairs 
(S1, S2) for which the option is ATM. In any uncertain correlation framework – where by definition 
correlation is not constant over the domain of (S1, S2) – the concept of ‘ATM correlation’ is difficult to 
apply.  
 
Figure 1 graphs the 2GBM value of an ATM European call spread option as a function of the volatility 
of one of the assets. The current price of each asset is taken as 100, so with our definition of 
moneyness the ATM strike is zero;
 4 the volatility of asset 1 is fixed at 20%, and the volatility of asset 
2 varies between 0% and 50%. In figure 1(a) the ATM option values are illustrated for three different 
asset return correlations (-0.8, 0, and 0.8). The graphs show that the ATM spread option value is 
approximately linear in volatility for r = -0.8, but as r increases the value function becomes more 
convex, and for r = +0.8 it is a strictly convex, non-monotonic function of volatility. Figure 1(b) 
shows that the convexity of the 2GBM value of an ATM spread option with respect to volatility 
increases with maturity. 
 
[Figure 1 here] 
 
In general, 2GBM European spread option values are a concave monotonic decreasing function of the 
asset return correlation and a convex function of the volatility of each asset return. Figure 1 has shown 
that this is the case even for ATM options, so the expected price of the option will always be less than 
or equal to the 2GBM price due to uncertainty over correlation, but greater than or equal to the 2GBM 
price due to uncertainty over volatility. Therefore the BNM value can be greater than or less than the 
2GBM value based on the expected values of volatilities and correlation, even for ATM spread 
options. 
                                                                 
4 In this paper we employ a simple definition of moneyness, as S2 – S 1 – K where S1 and S2 are the prices of the two 
underlying assets and K is the strike of the option.  ISMA Centre Discussion Papers in Finance 2003-15 
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An Illustration 
In the absence of a closed form, a numerical method can be applied to pricing spread options. The 
exercise region of a European call spread option has a curved boundary, and is therefore not amenable 
to straightforward integration. The method used here follows the elementary application of Riemann 
summation (i.e. partitioning the region to be integrated over into a collection of thin strips, and 
summing these individual integral results) that has been considered for spread option pricing by 
Dempster and Hong (2000). As the integrand has a simple form, the only features that might cause 
problems are a very high volatility in one of the assets, or an extremely high correlation. The number 
of the strips necessary for pricing accuracy was determined by comparison with analytic prices of 
exchange options and the Monte Carlo prices generated by Dempster and Hong for non-zero strike 
spread options. Results are reported in the appendix. 
 
Without market prices for spread options,
5 it is still possible to investigate the behaviour of BNM 
spread option prices as the volatility and correlation parameters change. Consider a 1 year ATM 
European call spread option based on the following parameters: 
 
S1 = S2 = 100; m11 = m 12 = m21 = m 22 = 0; s1 = 20%; s 2 = 25%; r = -0.5 
 
This has a 2GBM price of 15.566. However, many different prices are possible under the BNM 
assumption, depending on the excess kurtosis in the marginal densities for each asset and their core 
and tail correlations. Table 1 shows BNM option prices where the two assets have normal mixtures 
marginal returns densities with the following parameters: 
 
l1 = l 2 = 0.95;  s C1 = 18%; s T1 = 58%; s C2 = 24%; s T2 = 44%. 
 
In each case the core and tail volatilities were chosen so that the expected volatility (4) matches the 
volatility used for the 2GBM price. The two asset returns have no skew but quite different excess 
kurtosis: 5.81 for asset 1 and 0.64 for asset 2.
6 Thus asset 2 returns may close to normally distributed 
but asset 1 has a leptokurtic density and, whilst less volatile than asset 2, it exhibits more price jumps.  
 
Table 1 reports the BNM values for an ATM option based on different correlation structures in the 
bivariate normal mixture. Each row of table 1 reports the BNM option value corresponding to feasible 
values for the core and tail correlations that are consistent with (5) when E(r) = -0.5. In each case the 
                                                                 
5 If there are traded options on each underlying asset, the weights li and the volatility components  siC and  siT could be 
calibrated to each univariate implied volatility smile surface, for example as in Brigo and Mercurio (2000) leaving only the 
component correlations to be calibrated to the market correlation frown. 
6 The excess kurtosis in a mixture (l, 1 - l) of two normal densities with volatilities s1 and  s2  is (under the zero mean 
assumption): 3[(ls1
4 + (1-l)s 2
4)/((ls 1
2 + (1-l)s 2
2)
2 - 1]. This is always positive. ISMA Centre Discussion Papers in Finance 2003-15 
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tail-core correlations are set equal and the tail correlation is fixed at rTT = -0.9.  Clearly the BNM 
values can be greater than or less than the 2GBM values based on the expected values of the volatility 
and correlation. They are not very different from the 2GBM value of 15.566, but this is because the 
option is ATM. To investigate how price differences vary with the moneyness of the spread option we 
take the case given by the first row of table 1 and, in table 2 and report both the BNM and the 2GBM 
values letting K vary between –100 and +100. The smallest price difference occurs for the ATM 
option and, as the option moves away from ATM, the differences first increase and then, for far OTM 
and ITM options, they gradually fall to zero.  
 
[Tables 1 and 2 here] 
 
Since the convexity of the 2GBM option value as a function of volatility increases with maturity 
(figure 1(b)), the difference between the BNM and the 2GBM values of simple call spread options 
increases with maturity, as shown in figure 2. This figure illustrates how the difference between the 
two model values behaves as the strike and maturity changes. Their minimum difference is at the 
ATM strike, at which the BNM value can be less than the 2GBM value and this becomes more likely 
as the option approaches expiry and when the assets have a high negative correlation. The differences 
are not symmetric around the ATM strike because the underlying assets have different expected 
volatilities. In this example, because asset 2 is the more volatile, the largest value differences occur for 
negative strikes. 
 
[Figure 2 here] 
 
Are the value differences large enough to justify the use of the BNM framework? The answer is 
probably yes, depending on the number, maturity and strikes of spread options in the portfolio. For 
example, table 2 shows that for a single 1 year call option with strike 50, when the underlying assets 
are both at 100, having volatilities of 20% and 25% and a negative correlation of –0.5, the BNM value 
is more than 7% greater than the 2GBM value. Similarly, for a 3 month call with strike 30 on the same 
assets, the BNM value is more than 4.5% greater than the 2GBM value. Clearly, value differences can 
be substantial, particularly for short maturity spread options on highly volatile and strongly correlated 
assets – and for large portfolios of any spread options value differences can become very significant 
indeed. 
 ISMA Centre Discussion Papers in Finance 2003-15 
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III Option Sensitivities 
We define the first and second order sensitivities of a spread option price P(S1, S2, s1, s2, r) as 
follows: 
First order sensitivities:  
Delta: di = ¶ P⁄ ¶ Si  (i = 1, 2) 
Vega: v1 = ¶ P⁄ ¶s1   (i = 1, 2) 
Pi: p = ¶ P⁄ ¶r; 
 
Second order sensitivities:  
Gamma: gi = ¶ 
2P⁄ ¶ Si
2  (i = 1, 2) 
Kappa: ki = ¶ 
2P⁄ ¶si
2  (i = 1, 2) 
Phi: jij = ¶ 
2P⁄ ¶ Si ¶sj  (i, j = 1, 2) 
Zeta: xi = ¶ 
2P⁄ ¶ Si ¶r  (i = 1, 2) 
Xi: xi   = ¶ 
2P⁄ ¶si ¶r  (i = 1, 2) 
Psi: y  = ¶ 
2P⁄ ¶r; 
Omega: w = ¶ 
2P⁄ ¶s1¶s2; 
 
Figure 3 is based on the same asset and option parameters as in our illustration in section II, and here 
the spread option sensitivities based on the 2GBM model are calculated for a 1 unit increase in the 
underlying parameters (i.e. a 1% absolute increase in volatility and correlation and, since the asset 
prices are at 100, also a 1% increase in asset price). It shows that, whilst the deltas behave much like 
their univariate counterparts, gammas for very OTM calls can be negative. Also shown are the first 
and second order volatility sensitivities (the vegas and kappas). Although the vegas in figure 3 look 
much like the vega of a single asset option, we know from figure 1(a) that the 2GBM vegas can be 
negative when the asset volatility is low but the asset correlation is high, even for an ATM option. 
Also in figure 1(a), the 2GBM value for r = +0.8 was a convex function of volatility, so again in 
contrast to the single asset option, the kappas of an ATM spread option are not necessarily zero. The 
size and sign of ?the kappas depends on the curvature of the spread option value as a function of the 
volatility, and the convexity increases for OTM call and put options, but not necessarily to the same 
degree. So as the strike varies the kappas are not symmetric, it depends on the relative volatilities of 




Since the first order 2GBM sensitivities already vary so much with volatility and correlation, the 
second order sensitivities can take some quite strange forms. Using the second of the computational ISMA Centre Discussion Papers in Finance 2003-15 
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methods described in the Appendix, we find that many of these sensitivities are ‘M’ shaped curves, 
similar to the kappas in figure 3, and of course becoming zero in the limits as moneyness increases and 
decreases towards +/- ¥. However they often have negatively valued local minima at the ATM strike. 
This is the case for ?, the second order correlation sensitivity: for an ATM option ¶ 
2P⁄ ¶r < 0 but for 
OTM calls and puts  ¶
 2P⁄ ¶r > 0. Other sensitivities follow a ‘W’ shaped curve with respect to 
moneyness, with a local maximum around the ATM strike. This is the case for the mixed volatility-
correlation sensitivities ? 1 and ? 2 and the two price-correlation sensitivities x1 and x2 . These are 
negative because (as seen in figure 1(a)) the option value increases as correlation between the two 
assets decreases. Typically, the mixed price-volatility sensitivities j11 and j22 will be negative for 
equity spread options and positive for commodity spread options. Finally, the sign and size of the 
cross-mixed sensitivities j12 and j21 depends on the asset correlations (taking the same sign as the 
own mixed sensitivities when correlation is positive and the opposite sign when correlation is 
negative).  
 
Analysis of Value Differences 
Differences between 2GBM and BNM option values arise because of the uncertainty attributed to the 
volatility and correlation parameters in the bivariate normal mixture density of asset returns. In order 
to explain the differences between these option values, to keep notation simple, we shall again drop 
the explicit dependence of the option value on the underlying asset prices, strike, maturity and so 
forth.  Now, the difference  
PBNM(s1, s2, r) – P2GBM(E(s1), E(s2), E(r)) 
 
can be approximated as a weighted sum of six 2GBM second order price sensitivities as follows.  Take 
a second order Taylor expansion of P(s1, s2, r) about (E(s1), E(s2), E(r)) and then take expectations 
of both sides. Then all terms in the first order sensitivities become zero, giving: 
 
E(P(s1, s2, r)) –  P(E(s1), E(s2), E(r)) =  
½ [k1 Var(s1) + k2 Var(s2) + y  Var(r) +  w Cov(s1 , s2) +  x1 Cov(s1 , r) +  x2 Cov(s2 , r)]   (6) 
 
Taking expectation under the probabilities { l1l2,  (1 -l1) l2, l1 (1 -  l2),  (1 -  l1)(1 - l2)} gives 
 PBNM(s1,  s2, r) = E (P2GBM(s1,  s2, r)).  Therefore, putting  P = P 2GBM  in (6) expresses the price 
difference PBNM(s1, s2, r) – P2GBM(E(s1), E(s2), E(r)) as a weighted sum of six 2GBM second order 
spread option sensitivities.  
 
We have already seen in figure 2 that, as the strike of the option varies, the price differences between 
BNM and 2GBM spread option values have an ‘M’ shape. The reason for this is now clear, given the ISMA Centre Discussion Papers in Finance 2003-15 
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approximation (6) and our observations above that most of the second order volatility and correlation 
sensitivities also have this ‘M’ shape with varying strike.  Some additional features are highlighted by 
the weights in this Taylor series representation: when the two assets have uncertain volatilities, the 
covariance between the volatilities affects the BNM option price; likewise, when correlation is 
uncertain, the covariance of the correlation with both volatilities also affects the BNM price. If Var(r) 
is large and each Cov(si, r) is positive, but both Var(si) and Cov(s1, s2) are small then the BNM price 
can be less than the 2GBM price for many options that are near to ATM, if the expected correlation is 
large and negative. Negative price differences can also be produced  if we have large negative 
covariances between the volatilities and correlation. The sign and size of price differences comes from 
the weightings of all six sensitivities in (6) – it is a matter of balance. Clearly, the introduction of 
volatility and correlation uncertainty makes the structure of the spread option price surface 
considerably richer than one might naively expect.   
 
Analysis of Sensitivity Differences 
It follows immediately from (3) that sensitivities of the BNM spread option value are a weighted sum 
of 2GBM sensitivities, evaluated under different volatility and correlation assumptions. They therefore 
have the same properties as the 2GBM sensitivities, some of which were drawn in figure 3, but 
significant differences can arise. For example, figure 4(a) compares the correlation sensitivity ‘pi’ that 
is estimated from the two models (again based the asset and option parameters from the illustration of 
section II). This shows that the BNM ‘pi’ is similar to the 2GBM ‘pi’ but is slightly smaller in absolute 
value.  
 
[Figure 4 here] 
 
Figure 4(b) graphs the percentage difference (qBNM - q2GBM)/q2GBM  between the BNM and the 2GBM 
estimates for some of the more important sensitivities q. The BNM delta on asset 1 is greater than the 
2GBM delta for OTM calls and (marginally) less than the 2GBM delta for OTM puts – the opposite 
being the case for the delta on asset 2. The differences in both gammas are similar (only gamma 2 is 
shown): for ATM options the BNM gammas are about 2% greater than 2GBM gammas, but BNM 
gammas are lower than 2GBM gammas for OTM options. The two BNM kappas are smaller than 
2GBM gammas for ATM options, but greater for OTM options. The BNM vegas are smaller than 
2GBM vegas and the BNM ‘pi’ is about 4% greater than the 2GBM ‘pi’. 
 
Thus, even for a single option of a 1 -year maturity, on moderately volatile assets with a moderate 
negative correlation, and when just one of these assets has a fairly leptokurtic returns density, there 
can be very significant differences in the hedge ratios that are calculated under the two model ISMA Centre Discussion Papers in Finance 2003-15 
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assumptions. When short-term spread options are written on volatile and leptokurtic assets, as is the 
case in the commodity markets in particular, the BNM hedge ratios will show even greater divergence 
from the 2GBM hedge ratios.  
 
The results of this section have demonstrated that the use of the 2GBM assumption can lead to very 
substantial errors in both the pricing and the hedging of spread options. Large portfolios of spread 
options that are written on highly volatile, highly correlated assets with and very non-normal returns 
distributions will be particularly vulnerable to mis-pricing.  
 
 
IV Modelling the Correlation Frown   
The correlation ‘frown’ arises when 2GBM values of OTM calls and puts are lower than the prices 
observed in the market.  We have seen that BNM values of such options are greater than the 2GBM 
values, so the uncertain volatility and correlation assumptions of the BNM framework can explain at 
least part of the frown. In this section we ask “how does the behaviour of the underlying assets affect 
the shape of the correlation frown?”. We shall answer this question by replicating a correlation frown 
using the BNM model, treating the BNM values as if they were market prices and backing-out the 
implied correlations using the 2GBM model, and then simulating the behaviour of the ‘frown’ as we 
change the volatility and correlation structure of the underlying assets. 
[Figure 5 here] 
 
Continuing with our illustrative option and asset parameters, figure 5(a) shows that the principal 
influence of increasing the core correlation is to increase the height of the frown; increasing the 
curvature of the frown is but a secondary effect. The ‘tail-core’ and ‘tail’ correlations also alter the 
height, but to a much lesser degree – they are more for fine tuning – and have only very small effects 
on the curvature of the frown, being visible only numerically. In figure 5(b) the volatilities of each 
component in the marginal densities and the core and tail correlations remains fixed at their values for 
previous example, but the excess kurtosis in each marginal and the expected volatilities are changed as 
we alter the uncertainty parameters  l1 and  l2. The figure illustrates the correlation frown 
corresponding to the following scenarios: 
 
Scenario 1: l1 = l2 = 0.95, so that E(s1) = 20%, E(s2) = 25%, and the two assets have excess kurtosis 
5.81 and 0.64 respectively (this was the scenario for all previous examples); 
Scenario 2: l1 = l2 = 0.75, so that E(s1) = 28%, E(s2) = 29%, and the two assets have excess kurtosis 
4.42 and 1.24 respectively; ISMA Centre Discussion Papers in Finance 2003-15 
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Scenario 3: l1 = l2 = 0.5, so that E(s1) = 38%, E(s2) = 34%, and the two assets have excess kurtosis 
2.04 and 0.88 respectively. 
 
The correlation frowns corresponding to each scenario, shown in figure 5(b), indicate that the height at 
the centre of the frown increases with the asset volatilities: with each scenario the expected volatilities 
of each of the assets increases. The primary effect of increasing the excess kurtosis however, is to alter 
the steepness rather than the height of the frown. For example, when asset 2 has higher excess kurtosis 
as in scenario 2 we perceive a much steeper frown. In general,  increasing the leptokurtosis in the 
marginal densities whilst holding expected volatility and component correlations constant would 
increase the convexity but not the height at the centre of the frown.  
 
These graphs illustrate the promise of bivariate n ormal mixtures as a European spread option 
modelling technique. Here we have only illustrated the simplest case that each asset return density is a 
mixture of two normal densities with identical means and this produces a smooth, relatively simple 
frown. Identical means within mixtures gives a correlation frown symmetric around the ATM strike 
regardless of other parameter values. But if more normal densities with different means are added to 
the mixtures, more irregular or intricate frowns including skewed shapes could be captured in the 
BNM framework.  
 
IV Summary and Conclusions 
When valuing spread options with a bivariate normal mixture distribution we no longer have simple 
rules such as ‘mixture price is greater than or equal to the GBM price’, as we have for vanilla options. 
Differences between BNM and 2GBM spread option values are heavily influenced by the underlying 
volatility and correlation structure in the joint density of asset returns, and can be negative as well as 
positive. We have shown that the precise shape of the price difference surface is influenced by six 
second-order sensitivities, as opposed to only one in the single asset case, so understanding of normal 
mixture price behaviour is a challenge. Through a detailed analysis of the behaviour of BNM option 
prices and their risk factor sensitivities we have shown that enriching the model correlation structure 
can lead to notable discrepancies in both option values and their hedge ratios.  
 
The simple mixture paradigm affords ease of understanding and interpretability, a very important 
attribute in the complicated world of multi-asset derivative pricing. By considering the simplest type 
of uncertainty in both asset volatilities and in their correlation, the spread option values obtained under 
the BNM assumption can be consistent with implied volatility smiles in both assets and, at the same 
time, can explain at least part of the implied correlation ‘frown’. Moreover when set within the local ISMA Centre Discussion Papers in Finance 2003-15 
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volatility framework of Brigo, Mercurio and Rapisarda (2003) the BNM model provides no-arbitrage 
spread option values. 
 
When the univariate marginal density parameters are first calibrated from single asset options then, by 
the time we come to consider the correlation frown, its foundations will have already been laid. The 
excess kurtosis of each asset return is the key determinant of the convexity of the frown: indeed, 
without leptokurtosis in at least one asset, the frown would be flat.  We have shown that the structure 
of the asset correlations also affects the convexity of the frown, but to a lesser extent. The principal 
influence on the height of the frown is the ‘core’ correlation between the assets. Though often 
stronger, their ‘tail’ correlations would play the role of ‘fine tuning’ to an observed correlation frown 
in market prices. These results have interesting parallels to the work of Carmona and Durrleman 
(2003b), who include independent jumps in the diffusions of the 2GBM model, showing that this 
produces correlation frowns that decrease with maturity. 
 
There are many general aspects of this formulation of multivariate mixture modelling that remain to be 
investigated, and many possible improvements. One of the most notable challenges will be fitting to a 
market implied correlation surface to such an extent that accurate prices are obtained, but not so 
accurate that, given the instability of implied correlation over time, the model parameters lack 
robustness from day to day. In summary, the extension of normal mixture modelling to the 
multivariate case shows promise, and the potential for profit through more accurate pricing and 
hedging, but there is much to do before it is as well explored and understood as univariate mixture 
modelling and before its merit can be judged against other models. 
 ISMA Centre Discussion Papers in Finance 2003-15 
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Appendix: Numerical Methods 
The valuation method used here follows the elementary application of Riemann summation put 
forward by Dempster and Hong (2000) in partitioning the region to be integrated over into a collection 
of thin strips, and summing these individual integral results.  
 
Let the exercise region of a European spread option with pay-off function [S1 – S2 – K]+ be W and 
write si = ln(Si) for short (i = 1, 2). The exercise region has a curved boundary, and is therefore not 
amenable to straightforward integration. Let  , LN W￿Wbe the region over which we perform the 
integration, where  , LNare chosen so that  , LN W covers the area in which the pricing integrand takes 





LN ssLLNseeK W=˛+D·--‡ R . 
 
Now  , LN W  still has a curved surface, however we can define a strictly contained subset 
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For well behaved  12 (,) T qss and suitable  2 , Ls D the option price is obtained as:  ISMA Centre Discussion Papers in Finance 2003-15 
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The critical step in using this method for spread pricing is choosing suitable values of 2 ,, LNs D . Lcan 
be found by inspection, and  N and  2 s D can be chosen once we know the minimum value for 
2 LNs +Dthat ensures the W region of the integrand has been covered. These choices are in general 
easy, as the integrand has quite a simple form without lots of widely separated maxima or minima. 
The only features that can cause problems are if we have a very high tail volatility for example, 
meaning a large area must be integrated, or if we have very high (or low) correlations leading to 
‘buttresses’ in the integrand.  
 
In this analysis, we only consider a lower bound for the price as for N = 400 we already obtain 
consistent high accuracy with lower bound only when compared to analytic prices for exchange 
options, and similar accuracy for non-zero strike spread prices compared with the Fast Fourier 
Transform (FFT) method used by Dempster and Hong (2000). It is worth noting here that with N = 
400 in this implementation we achieve higher accuracy for the exchange option case than the FFT 
method does for N = 4096. This is principally due to the fact that we are using a more sophisticated 
method for evaluating all the one dimensional integrals. While it is not meaningful to compare 
grid/partition sizes directly with pricing accuracy, it is worthwhile to show, in table A below, how 
pricing accuracy changes with N in the case of the height-wise partition of W used in this paper. 
 
Table A: FFT and height-wise partition prices for a European exchange option 
Exact Price = 6.56468; FFT Model Price (N = 4096) = 6.56408 
Partition Parameters  Model Price 
N = 10; Ds2 = 0.25  6.21084 
N = 20; Ds2 = 0.15  6.56448 
N = 40; Ds2 = 0.075  6.56468 
N = 80; Ds2 = 0.03  6.56468 
N = 200; Ds2 = 0.015  6.56468 
N = 400; Ds2 = 0.015  6.56468 
 
 
Of course, the precise value of N needed to achieve a given level of accuracy varies with the case in 
question, especially with the time to maturity and volatilities of the option. After wide testing, we have ISMA Centre Discussion Papers in Finance 2003-15 
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used N = 400,  2 0.015 s D=  as this gives a fine enough partition to ensure high accuracy, the partition 
extends far enough to cover the non-negligible volumes of surfaces except in the case of extremely 
high volatilities, and it can be computed in under ten seconds using Mathematica.   
 
As there is no closed form for the 2GBM spread option price, there are no closed forms for 
sensitivities of a spread option. We can estimate second order spread option sensitivities using centred 

























Alternatively, we can take the differential inside the double integral if it is not with respect to the asset 
prices, so that the resulting integrand  is a closed form, and we can just integrate it over the same 
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and similarly for other sensitivities. The same code used for pricing the spread can, with some careful 
modifications, be reused here. This method is more precise, if also more computationally intensive, 
than the finite difference approximation methods: each double integral took approximately 10 times as 
long as a pricing integral to evaluate due to the complexity of the differentiated function. 
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Table 1:  
BNM values of a 1 year ATM call spread option based on different correlation structures 
2GBM price = 15.566 
 
rCC  r TC  rCT  r TT  Value 
-0.51  -0.4  -0.4  -0.9  15.63 
-0.52  -0.3  -0.3  -0.9  15.61 
-0.53  -0.2  -0.2  -0.9  15.59 
-0.541  -0.1  -0.1  -0.9  15.53 
-0.552  0  0  -0.9  15.54 
 
Table 2:  
BNM and 2GBM values of a 1 year call spread option for different strikes 
 
K  BNM  2GBM  Difference 
-100  100.092  100.006  0.086 
-90  90.145  90.025  0.120 
-80  80.220  80.063  0.157 
-70  70.450  70.236  0.214 
-60  60.818  60.578  0.240 
-50  51.482  51.253  0.229 
-40  42.630  42.435  0.195 
-30  34.467  34.316  0.151 
-20  27.133  27.044  0.089 
-10  20.855  20.797  0.058 
0  15.617  15.566  0.051 
10  11.407  11.348  0.059 
20  8.150  8.063  0.087 
30  5.707  5.587  0.120 
40  3.937  3.780  0.157 
50  2.682  2.500  0.182 
60  1.818  1.617  0.201 
70  1.222  1.025  0.197 
80  0.827  0.638  0.189 
90  0.562  0.390  0.172 
100  0.385  0.234  0.151 
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Figure 1: 
2GBM values of an ATM spread option as a function of the volatility of one asset 
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Figure 2: 
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Figure 3: 
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Figure 4: 
Differences between BNM and 2GBM sensitivities 
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Figure 5: 
Correlation ‘frowns’ implied by the BNM model 
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